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Abstract 

For more than 40 years E. Schmutzer has developed a new approach to the (5-dimensional) 
projective relativistic theory which he later called Projective Unified Field Theory 
(PUFT). In the present paper we introduce a new axiomatics for Schmutzer's theory. 
By means of this axiomatics we can give a new geometrical interpretation of the phys- 
ical concept of the PUFT. 

PACS numbers: 04.20. Qr 

1 Introduction 

As it is well known the 5-dimensional idea of a unified field theory goes back to the 
works of Kaluza and Klein Jl], The pioneers of the projective approach to this 
theory were Veblen and van Dantzig || ||. Later this approach was developed 
further by many other authors. 

An essential progress in this projective type of theories was done by Jordan 
H who first took into consideration the occurring scalar field which inevitably 
appears in this theory. However, the field equations used by him were unaccept- 
able. 
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A basically different approach to a projective field theory was proposed by 
E.Schmutzer |J who (according to the requirements of a unified field theory) 
developed further and applied a basis vectors formalism initiated by Hessenberg, 
Schouten and others J7| in the theory of manifolds. He had no longer considered 
the scalar field mentioned above to be an auxiliary one. On the contrary he 
associated this field with a new phenomenon of nature being on one the level of 
gravitation and electromagnetism. In 1980 he introduced the new term "scalar- 
ism" || for this phenomenon. For this hypothetically used scalar field with 
fundamental importance in the PUFT Schmutzer introduced the term "scalaric 
field" in order to distinguish it from the various other scalar fields in physics. 
The most interesting and important results of application of PUFT are presented 
in the Appendix. 

Beside the projective relativistic theory many authors were actively develop- 
ing further the initial Kaluza - Klein theory aiming at a unified field theory of 
elementary particles. Here we only refer to the monographs of Wesson || and 
Vladimirov jnj, where one can find references to the historical, mathematical 
and physical literature on this subject. 

Concluding this introduction we would like to mention the new 5-dimensional 
original field theory by Wesson JIT, [T2|] recently appeared and offered for dis- 



cussion. 

In the first two versions of PUFT (see |3j and M respectively) Schmutzer used 
5-dimensional Einstein-like field equations.^ 

5 1 5 

Rtiu -^g^u R + A^ = KQ<d^ u (1) 

Afterwards with the help of a special projection procedure (details can be found 
in the papers quoted above) a system of 4-dimensional field equations describing 

gravitation, electromagnetism and scalarism was derived. Here k = — — is 

c 4 

Einstein's gravitational constant, 6 a£ is the so-called energy projector of the non- 

5 

geometrized matter named "substrate", R ae is the 5-dimensional Ricci tensor, 

5 

R is the 5-dimensional curvature invariant, and 

a) A^ = AqSV res P- b ) = VfiV + V^) 5 ( 2 ) 



1 Greek indices run from 1 to 5, Latin indices from 1 to 4; the signatures are: of the 5- 

dimensional metric (+ + H h), of the space-time metric (+ + H — ). Comma means the partial 

and semicolon the covariant derivative, respectively. 
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are analogs of the cosmological terms in Version I and Version II, respectively. 
Here is the metric tensor. In a special frame {X^} the unit vector s M has (see 

the next section for details) the following form s M = — -, where S = JX^X^ = 
Soe a (So is an arbitrary constant of the dimension of length). 

The 5-dimensional Ricci tensor and the 5-dimensional curvature invariant, 

5 5 5 5 

both mentioned above, are defined as follows: Ra e =R T a £T} R=R a a , where 

o -a +ua-i,JO- < 3 > 




For physical reasons in the following the Gauss system of units is chosen. 
Version I. The 4-dimensional field equations (without a cosmological term: 
A-iw = 0) have the following form: 

4 1 4 4 

Rmn g ^ mn R ^i.B mn ~\~ S mn -\- ©mn)- (4) 

These equations are generalized 4-dimensional equations for the gravitational 
field, where k = K e~ a , 

E mn = -^{B m kH k n + -g mn B jk H jk ) (5) 
is the electromagnetic energy-momentum tensor and 

S mn = - — {&,mV,n + O \ m - n - g mn (^,k^' k + (6) 

is the energy-momentum tensor of the scalaric field a. Further following field 
equations hold: 

a) H mn . n = — j m , b) B[ mnjk ] = 0, c) H mn = e a B mn , (7) 



a>% = K Q#+-^B kj H k iy (8) 
These are the electromagnetic field equations and the field equation for the 

4 4 

scalaric field a. Here the following notations were used: R mn , R are the Ricci 
tensor and the curvature invariant in the 4-dimensional space-time, respectively. 
H mn , B' mn are the electromagnetic induction tensor and the electromagnetic field 
strength tensor, respectively. The quantity d being one of the sourses of the 
scalaric field is called scalaric substrate energy density. 
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The idea of developing the Version II M was to remove the second order 
derivatives in the energy - momentum tensor (^) of the scalane field. By means 
of a modified projection formalism it became possible to obtain a system of 
equations being slightly different from the analogous system of the version I, 
given by the equations (|B|), (0c) and (H), namely: 



4 1 4 4 4 

Rmn — — R 9 mn + ^qSq 9 run 



(9) 



2«o 



(10) 



C 



ft) B[mn,k] = 0, c) iy mn = e a B 



;fc 



'2 



57T 



(12) 



However, the new projection formalism led to other problems, particularly in 
the spinor theory. Therefore approximately in 1994 E.Schmutzer left this version 
II and offered version III. 

In the version III by deeply founded considerations on the level of the 
Lagrange-Hamilton formalism the following new 5-dimensional field equations 



were found [£L3[]: 



S' 

3A S 5 
--(1 + -K k )S !T S' t + -A ] = kqQ^ 



S 



(13) 

(Ao is a kind of cosmological constant. K is a free constant, where Schmutzer 
preferred the choice K = —2). Compared with the Einstein-like field equation 
([D this is a rather complicated equation, but it fulfils important physical demands 
mentioned in the From ([13]) one obtains 



A 



Rmn ndmnR q2^ 9mn ^O^-^mn S mn -\- Q r 



(14) 



I i 

47T 4 



(15) 
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S mn = -K (a tm cr tn - -g mn (T tk a' k ) , (16) 



4:71 

a) H mn ;n = —f 1 -, b) 5[ mn ,i] = 0, c) H mn = e a B mn , (17) 



In the present paper we introduce a new geometrical axiomatics for the 
Schmutzer theory. By means of this axiomatics we can give a new geometri- 
cal interpretation of physical results obtained in the PUFT. 

2 Projection formalism 

As it is well known, the physical basis of the 5-dimensional Projective Unified 
Field Theory is supported by the following mathematical theorem: The semidirect 
product of the Abelian group of gauge transformations (electromagnetism) and of 
the group of the general 4-dimensional coordinate transformations (gravitation) 
corresponds to the group being homomorphic to the group of all 5-dimensional 
homogeneous of degree 1 coordinate transformations 

X"' = X»'{X V ) = V(ar) (a = const). (19) 
a 

This mathematical theorem allows us to assume that the geometry, constructed 
on this group, can be a basis for the geometrization of the electromagnetic, the 
gravitational and the scalaric field. 



From the equation (19) and Euler's theorem on homogeneous functions follows 
that these special coordinates X^ in the 5-dimensional space M.$ are transformed 
as the components of a vector: 

X*' = X ti \ v X v . (20) 

Further the vector 

n = X»E„ E, = ^ (21) 

can be regarded as 5-dimensional radius vector. This was a very important 
starting point of Schmutzer in 1957. Also in the following this vector field 1Z 
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plays a fundamental role. Of course, it is possible to introduce in the space .M5 
arbitrary coordinates y fl = y fl (X a ). 

In context with the theorem mentioned above we should remark that the 
4-dimensional coordinates {x % } in the space-time should satisfy the equation 

x\ v X v = (22) 

(for details see ||). 

In order to construct a projection formalism, let us consider the congruence 

y u = y u (x\r) (23) 

of integral curves of the vector field 1Z, where r is a continuous parameter specified 
along each curve (x l = const) of this congruence. 

The congruence (^) is the starting point of our consideration. In general 
the quantities x % are not the first four coordinates of a 5-dimensional coordinate 
system. 

Hereinafter we will consider the 4-dimensional hypersurface r(y u ) = const to 
be the 4-dimensional space-time. Moreover, the parameter r should be chosen to 
make tangent vectors 

C{x\t)= ^y u (x\r) (24) 
coinciding with the vectors X v : 

C(x i ,T) = X". (25) 

It is important to point out that the equation ( pop is only valid in the frame 

{X^}; but it can always be rewritten in an arbitrary frame {y u }~- £"(x l , r) = 1Z U , 

d 

where 1Z V are components of the vector 1Z in the coordinate basis e u = — — . 

oy u 

Let us emphasize that all equations containing vectors are only valid in the 
special frame. Henceforth it will not be specially accentuated. 



According to (22) we postulate equality to zero of the Lie derivative with 
respect to 1Z for any 4-dimensional quantity (i.e. quantity which depends only on 
4-dimensional coordinates). It is quite natural to extend the introduced postulate 
on all 5-dimensional vectors and tensors which further will be associated with the 
4-dimensional quantities : 

£ n T = (£ n T a -f3,„ = Q). (26) 



6 



In the coordinate basis fl2~T| ) one can rewrite the last equation ( |26| ) in the form 



rpfl 



l— fin 



1/1. ..U m , A 



x } 



i/i...i/„ 



(27) 



The geometrical quantities satisfying the projector condition fl2"T|) are called pro- 
jectors 0, By applying the projector condition (|26| ) to a metric tensor g we 
obtain 



(28) 



From the last equation follows that the 5-dimensional radius vector 1Z is a Killing 
vector. Thus the congruence ( |2"3"D is a Killing congruence (see for example |H|). 
In order to study geometrical properties of this congruence we introduce a 



unit vector s, i.e. 



n 



(29) 

it is clear that s 



where S = yg(lZ,lZ) = y g^X^X" . From the definition 
is the unit tangential vector field to the lines of the congruence 

In order to provide a description of geometrical properties of the congruence 
(p3|) we introduce, as usually, the following quantities: 



a) G M = s v s%, b) ee P\P%s [tA c) D, w = P\P £ u s {r , e) , 



(30) 



where 
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The quantity 



the first curvature vector of 
the lines of the congruence; 

the angular velocity tensor 
of the congruence; 

rate-of-strain tensor of the 
congruence. 



pr 



s s, 



(31) 



is the projection tensor. The semicolon means the Riemannian covariant deriva- 
tive (V): 



R 

Ve T e c 



_d_ 

dx a 



(32) 
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with l^j-j = 2^ £<T ^ aa ' T ^ 9™,° ~ 9oer,a)- If we take into account that the vector 
field 1Z is Killingian, we obtain 

1 S'V 
a) G, ^ 



1 

2S 

=0, (33) 



b) u}^ — —P £ fl P T u X Te , 



where the following abbreviation was used: 

= X v> n — X^ u . (34) 
From the equations (|30|) and (33) we obtain the following important relations: 



S(i;v — Dfiu + Ufiv + G^s u , (35) 



1 1 

—X Ufl =u^ + -( y s^S tU -s u S^). (36) 



From the relation (|33"|b) follows that in general a holonomic hypersurface or- 
thogonal to the given congruence does not exist. (The case uj^ = is physically 
not interesting, since further the angular velocity of the congruence will be as- 
sociated with the electromagnetic field). Therefore in contrast to Schmutzer's 
orthogonality approach of space-time (based on the basis vector formalism) here 
we want to offer an alternative version of this problem: we shall identify space- 
time with a 4-dimensional hypersurface in the 5-dimensional space abandoning 
the requirement of orthogonality of this hypersurface to the congruence. 

Let us consider some hypersurface r(X a ) = const. As far as a parameter 
r cannot univalently be derived from the equations (p4]) and fl25|) , then hyper- 
surfaces T(X a ) = const are not defined univalently either. Therefore we can 
choose in M. 5 an arbitrary hypersurface which we shall identify with hypersur- 
face r(X a ) = 0. This hypersurface should only satisfy the condition X a r a 7^ 0. 
With an exponential map we can extend it along the lines of congruence (|23|) to 
a finite region in ^5. Thus we receive a one-parametric set of hypersurfaces. 



Hence from the equations ( p24|) and (|25|) follows that 

<dr,£>=l (fr £ = X e r £ = l) (37) 
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and 

£ n dr = (X £ r a , £ + X £ >a r £ = 0). (38) 
From the last relation we can conclude that the one-form dr which further we 



also shall denote by £ satisfies the projector condition (f27|): 

£nC = o, C^dr (C P>T X T = -Q. (39) 

The unit one-form v = A£ also fulfills this condition: 

£ n u = {y^X* = -v T ), (40) 

where A =< u, 1Z >= v £ X £ and v £ v £ = 1. 

Above we introduced the projection tensor P%. However, the hypersurface 
r(X a ) = (we also shall denote it by M.4) is not orthogonal to the congruence 
(|23|). Therefore it is possible to define two more projection tensors: 



a) b a£ = g a£ - u a u £ , b) h% = g% - £%. (41) 
All these projection tensors satisfy the projector condition ([271): 



P%, U X» = 0, h\ v X v = 0, b a£iU X» = -2b a£ . (42) 

The projection tensor b a£ sometimes is called the first fundamental form of .M4 
or the induced metric on Ai^. (In the following we shall define the induced metric 
on .M4 in a somewhat different way). The tensor \ae defined on the hypersurface 
t = by 

Xa£ ee b» a b» E v M = ^£xb a£ , (43) 

is called the second fundamental form or the exterior curvature of r = 0. Here 
the following abbreviations were used: 

A £ ee Au £ = X £ -X £ , X £ ee b £ a X a . (44) 

The above introduced projection tensors in general differ from each other. 
Therefore the question, which of them should be used for the projection of 5- 
dimensional vectors and tensors into the 4-dimensional hypersurface, is not triv- 
ial. In order to give an answer to this question, we consider the map (f>: 

0: M 5 M A . (45) 
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The map <fi should be defined in such a way to make mapped quantities not 
depending on the parameter r, i.e. on the "fifth coordinate" (cylinder condition). 
This requirement means that all points laying on the same line of the congru- 
ence are mapped to the same point on the hypersurface t{X v ) = const. The 
elementary map of this type is an exponential map (see Fig. 1). 




/ 





/r = tA 

















/ 



\f(t) 

X a (x™,r) X a (x m ,r) 



Figure 1: On the introduction of the exponential map. P' = </> n (Pi) = (f) T2 (P 2 ). P' E 
M A (M 4 : r{X a ) = 0) 

The coordinates of the point P\ satisfy the relation 

X a {P 1 ) = X a (x™, n) = X a (x™, 0) exp(n), (46) 
where X a (x™,0) = X a (P'). Using the equations fl24|) and (|25| ) one can obtain 

<f) T : X a (P) = exp(r)X a (MP))- (47) 
Now we have to discuss how the vectors and tensors are transformed by the map 

Let V be a tangent vector to the curve A(t) at the point Pi, having the 
following form in local coordinates in a neighborhood of the point P\. 

X a {X(t)) = X a {P 1 ) + tV a , (48) 
10 



d 

where V a are the components of the vector V (V = — ) in the coordinate basis 
E a , i.e. 



V = V c 







Comparing the equation 



dX a ' 

with the following series expansion: 



(49) 



X a {\{t)) = X a (x m (\(t)),r(X(t))) 



( dx m dX a dr" 



dt 



dr dt 



■ t 



Pi 



we obtain 



+ 0(t 2 



'a dx m dr 



dX a 



dr 



(50) 



(51) 



x m =cons t / 



The curve A(i) can be projected by the exponential map <f> T m onto the hyper- 
surface r = 0. The notation 4>t{\) should accentuate that each point of the curve 
\{t) is mapped by the proper exponential map 4> T (r depends on t ). We denote 
the mapped curve obtained by this procedure by ■jit): 



0(A(t))= 7 (t), 



(52) 



where means T (A(t))- 







Further we shall consider only vector fields V commuting with — — , i.e. the 

or 

vector fields being projectors. In this case the maps of curves X(t) and A (t) 
(A'(0) = P') coincide: 



0(A(t)) = 0(A'(t))= 7 (t), 



(53) 



where A'(£) = ri (A(t)). Therefore, without any further restriction we may con- 
sider only such curves whose initial points P\ (Pi = A(0)) belong to the hyper- 
surface t = 0, i.e. Pi = P' £ M.4. 

For the mapped curve j(t) following expansion is valid 



Xn + 



dx n 

~dt 



+ 0(f 



x a (x™,o)+ r, 



dx m 



o 



• t + 0(t 2 



(54) 
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From the equation ([51]) follows 

V a = I 



dx m dr\. vc 



(55) 



where the vectors are defined by 



d _ d_ 

m dx m ' Or 



(56) 



The equation Q55D implies that the following relation for the vector field V is 
fulfilled: 



dx m dr „ 

v = -dr e » + a«- 



(57) 



Thus at the point Pi (P 1 E ^457(0) = A'(0) = Pi) the 4-dimensional T Pl and 
5-dimensional P^m) vector spaces can be constructed as follows |L4] : 



Here we used the abbreviations (compare with [Tj 



(58) 



/<9 N 




dx m 




) 

7 


d* 



(59) 



where 



dx r 



di 



x m n V a 



It is necessary to note that 0(Pi) = Pi, 7(0) = A'(0) = Pi. 

It is easy to show that the one-form e m = dx m and the vectors e r 
satisfy the equations 



(60) 



_d_ 

dx 11 



<C,e m >=0, <e m ,£>=0. (61) 
These equations imply that one can rewrite the projector h a £ in the form 

h% = g a m g m £ = 9% - CCe, (62) 
where we used the definitions 

a) g m £ =<e m ,e £ >=x m £} b) g e m =< e e , e m >= X\ m . (63) 
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Apart from that it is easy to show that between the quantities e m , e m , e £ and 
e £ the following relation is valid: 

a) e £ = g m £ e m + ( £ t b) e £ = g e m dx m + fdr. (64) 

The last relation and the definition (|59"D lead us to 

V = ^V = (g m a V a )e m =V £ e £ , (65) 

where we used the abbreviation 

V £ = h £ a V a . (66) 

Thus in the tangent vector space Tp it is possible to define a 4- dimensional 
subspace T p 1 (T p 1 C T Pl ) : 

T P = {V : VT> GTp, =V}. (67) 

The equation 0*V =V £ e £ should be interpreted in the following way: 

<f>.V = (x m a V a )e m G T(Ma). (68) 

In a vector space T(A4$) it is possible to construct a 4-dimensional vector space 
formed by the vectors of the type (h £ a V a )e £ . The spaces T(M.i) and T(-Ms) are 
isomorphic: 

(x m a V a )e m ^ (h £ a V a )e £ . (69) 

The map </>*, namely 

T P {M 5 ) t^T^Mi), 
naturally induces the map 0* for the one-forms: 

t; [p) (m 4 )^t*(m 5 ), 

where for all uj G T^ p ^ and for all V G Tp 1 the next relation is valid: 

< <P*u>,V >\ Pi = <u>,<P*V >\ HPi) . (70) 
The set of all one-forms satisfying the relation 

4>* uj =u (71) 
13 



forms a linear space T *{M§) C T*{M$), where T*(Ms) is the space of all 
one-forms. From (|70|) follows that for any one-form from T*{M.§) holds 

0, ( Z a X a = 0). (72) 

There are two possible ways to associate elements of T*(JH 5 ) with elements 



of T*(M 5 ): 



a) u a — >u a = h e a u £ , 



b) LU a — >m a = P £ a u E . 



In both cases the quantities u a satisfy the equation (^) automatically. Here- 
inafter quantities with tilde will be associated with physical quantities in the 
space-time. However, the definition a) cannot be accepted, as in this case the 
following relations would be valid: 

V a = h%V £ ^9 a£ Me, M a = h £ a V e ^9 £Q V £ , 

where 

9af> = h £ a h^g ea , g a ° = h a v h\g v r 

On the contrary, the definition b) is consistent. In this case the following relations 
will be valid: 

a) 9 a /3 EE P £ a P C 'f39ea = Pa/3, 

b) 9 aa ee h a u h%g v » = g au -2X i > a C ) + ^X a X% 

c) 9% ee h%P\g £ a = h%. (73) 

Using (ff3|), for an arbitrary vector V we obtain: 

rvj rsj ro r^j rvj 

r=9 a£ F £ , V a =9 a£ V £ . (74) 

The last results can be summarized in the sentence: The 5-dimensional ten- 
sors are to be projected onto hypersurface r(X a ) = (projected quantities are 
denoted by a tilde) with the help of the procedure: 

T^"... v -U f*"... v ee h^u ■ ■ • P T V • • • T°~:.. T . (75) 

The quantities x % being introduced as parameters earlier and parametrizing 
the congruence can be used as coordinates in M.±. Let us point out that 
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it is necessary to require a certain continuity for the quantities x % . Apart from 

that these quantities are defined accurately within the following transformation: 

d 

x % — ► x l = x l (x^). In this case the vectors e m = — — and the one- forms 

ox m 

e m = dx m form a basis in T(M.$) and T*(Ai^), either. These bases satisfy the 
following relations: 

<e m ,e n >=5 m n , [Jl,e m ] = 0, <u,e m >=0. (76) 

Using the equations (f44"|) , (|63"D and (64) , we can find several important relations: 



a) e a h%=g m £ e m , b) e a h £ a = g £ m e m ; (77) 
a) e a P% = g m £ e m + (( e - s e )s, b) e a P £ a = (g a m P £ a )e m ; (78) 

a) e a b% = (g m a b%)e m , b) e a b £ a = g £ m e m + X £ dr. (79) 

We already mentioned that the tangent spaces T(M.±) and T are isomor- 

phic. Therefore one can write: 

T m =g m £ T £ , T £ = g £ m T m , (80) 

u m = gfmU, u £ = g m £ uj m . (81) 

Thus the projection procedure from T(A4 5 ) into T(M.±) is defined as follows: 

T a ^T m =g m £ T £ , Ua —^u m =g £ m uj £ , (82) 

where we used the abbreviation 

9 e m = P £ a g a m ± g £ m , 9 m £ = h%g m a = g m £ . (83) 

The metric induced on the hypersurface Ai^ will be denoted further by g (in 
the theory of surfaces one understands under the induced metric the quantity b^ v 
defined by means of (41a) [14|). This metric satisfies the following relations: 



a) g mn = 9 a m 9 p n g aP) b) 9 mn = 9 m a 9 n p g a ^ 
c) 9 m n = 9 m a 9 £ n g% = 5 m n , d) g mn g mk = 5\. (84) 



15 



It is necessary to accentuate that the relation 

~ ~ r^j 

Q^fimi 6n) mm 9 ran = Q i^-mi Cra) (^5) 

is fulfilled, where 

2 = g ae dX a ® dX £ , g = fiV„dx m <g> dx n . (86) 

At the end we have to present further two important relations that immediately 
follow from (|76|): 

a) x m a X a = 0, b) X%C, = 0. (87) 

3 Field Equations 

In the introduction we mentioned that in the course of four decades three neigh- 
boring versions of Schmutzer's 5-dimensional Projective Unified Field Theory 
came into being. All these versions are based on the following 5-dimensional field 
equations: 

Qae = KQ0 a£ . (88) 

The explicit expression of the symmetric tensor Q ae for the versions II and III of 
PUFT can be found, using the equations ([]]) and (0), respectively. In order to 
obtain a 4-dimensional field equations these 5-dimensional equations have to be 
projected onto the 4-dimensional space-time. The equation (|8^) can always be 
written in the following form: 

~ ~ 5 5 5 

Q av + 2G( M s u) + Qs a s v = k (6uu + 2 9( u Su)+ 9s^s u ), (89) 
where the abbreviations are given by 

a) Guv = P a uP^G af s, b) 5,= ^, 

d) 9au = P%P P u9 aP , e) 9a= P a uS?9 a(3 , 



c) g = s a s?g a ^ 

(90) 

f) 9 = s a s^9 a(3 . 
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It is easy to see that the equation ( p9| ) is equivalent to the following set of equa- 
tions: 

5 

a ) G nv = K o 9 iiv, 



b) Gn = K d l » ( 91 ) 
5 

C) Q = K O 

Further we can see that the following correspondence is valid: 

generalized Einstein equa- 
tions, 



equation ( 91 



equation 



generalized Maxwell equa- 
tions, 



equation 



Field equation of the scalaric 
field. 

Henceforth the 4-dimensional hypersurface M.^ will be identified with the space- 

4 

time. The physical metrics g of the space-time can be defined in different ways 
(all space-time quantities will be denoted by an index "4"). For example, we can 
identify the 4-dimensional physical metric g with the metric g induced on the 
hypersurface M.^. 

9=9 (V=fi>, lr=9^). (92) 

In this case we obtain version I or III of PUFT if we use the 5-dimensional 
equations ([[J) or (|T3|), respectively. However, it is physically possible to connect 
these metrics g and g by a conformal transformation: 

9 = e°g (V = e CT 9 ^ ST = e'* g>»). (93) 

In this case the 5-dimensional Einstein-like equations (|IJ) lead to the system of 
equations of version II of PUFT. In order to consider both these cases simulta- 



neously we rewrite the equations (|92|) and ( p3|) in the form 



4 „ ~ . f < — > Version l+Version III 
g = e ea g with e = { ^ . 94 

1 < — > Version II v ' 

The projection formalism can be simplified by using a non-Riemannian connection 

in the 5-dimensional space and considering the Riemannian connection in the 4- 

dimensional space-time as induced. 
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3.1 Connection on M 5 

Let us introduce an induced (affine) connection on the hypersurface M.^ denoted 

4 4 

hereinafter as V- The induced connection V and the connection on 7M5 (denoted 
5 

as V) are connected in the following way: 

Ve T^'v... = h% . . . P%P\ . . . T a - A .., |a , (95) 



where 



'/ -...,, Vn '/'".., Va=Ve a , Va=Ve a - (96) 



Henceforth we assume that the connection on .M4 is Riemannian, i.e. metrical 
and symmetric: 

a) VeV=0, b) VaVef = VsVaf. (97) 

Since the 4-dimensional covariant derivative is defined only for the projected 

vectors (see (|9~5l) ), the function / should satisfy the condition (p6| ): £jif = 

4 

f a X a = 0. The 4-dimensional covariant derivative (with respect to V) in the 

d 

direction of the basis vectors e m (e m = — — ) will be denoted by a semicolon: 

V em T k =VmT k =T\ m = g k a g £ Jje T a , (98) 

where T = e m T m = e a T a . 

As it is well known, the Riemannian connection is completely defined by 
means of a metric. Therefore the relations (|97T) are in fact conditions for the 5- 



5 

dimensional connection V- In particular, from ( |97D follows that the 5-dimensional 

5 

connection V has to satisfy the following relations: 

a) Qea/3 = P T eP V a.P il pQ,Tv i i = > 9 a/3 = €& ie P a p, 

b) S a p T = P\P^h\S v Z = 0, (99) 

c) W a P v pX\ v = 0, 
where the usual definitions 

a) g a ,8 U e = -Qeafl, b) g^e = Qe^ c) V = T^f (100) 
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are used. One can easily verify that the 5-dimensional connection in general is 
nonsymmetric and nonmetrical. 

For this reason we write the 5-dimensional connection coefficients T e ^ v in the 
following form: 

where 

= ~(S £ U fi + S UI ? — Sff u ) + —(Qu^ + Q^u ~~ (102) 

The 5-dimensional connection cannot be found uniquely from the demands fl99f ). 
However, the 5-dimensional field equations (see ([!]) and (|Hf)) only contain Rie- 

5 

mannian covariant derivatives, and therefore, the 5-dimensional connection V 
is only an auxiliary quantity. Thus within some restrictions, the 5-dimensional 
connection coefficients Y e iiv can be chosen arbitrarily. Therefore we choose the 
5-dimensional connection on M. 5 in a certain way to make calculations as simple 
as possible. First let us in general assume: 

v^ £ = -r e v e v (rvr" = -rg, (103) 

where is an arbitrary projector. Taking into account the relation 

{l}*' = -«■. + 5*.-. (104) 

which follows immediately from(|2"%|), we obtain 

1 
2 

where we introduced the abbreviation 



a^X" = -S M e - -X;, (105) 



Tf-gf. (106) 

From the conditions (|9~9|b) and (p9|c) we obtain the following relation for the 
torsion tensor: 

■V = A aP X~< + -Lh\(X a ^ - X P EJ). (107) 
Here we used the abbreviation 

A eT = SW%*- (108) 
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It is possible to show that the 5-dimensional connection has the simplest form if 
according to (|99|a) we put 



Qeap = ea £ P af3 . (109) 
In this case the quantity will be antisymmetric (with no other limitations): 



y; - —Y, 



(110) 



The tensors Sag 1 and a a ff in this case are given by: 



•■ -—[X a p + (s a S jP - S/3 S ia )] + i^(X a Z(? - XpEJ), (111) 



2S 



[{X Xfl s £ - X^s^ + X^sx) 



+ 2s M (s A 5 , i£ - s e S t \)] - ^ s a £ 



From the last relation follows that the connection on A4 5 has the simplest form 
if the quantity is defined according to (|110|) as follows: 



G e X v — G U X £ , 



(113) 



where the abbreviation (|33|a) was used. Substituting the last expression into the 
relations ( 11 1|) and (|112 ), we obtain: 



P — S UJa/3, 



(114) 



e -{G £ P TU + G T P ve -G v P T£ ). (115) 

At the end of this section we would like to point out once again that the connec- 
tion on is an intermediate quantity. Its choice does not lead to any physical 
consequences. It can be shown that for any choice of S ea and Q u £a (these quanti- 
ties have to satisfy the conditions ( p9|) only) the 4-dimensional physical equations 
get the same form. However, in the general case all calculations become unwieldy. 
Therefore we don't present them here fully; hereinafter we only will consider the 
case (|109p and ( |113[ ). Thus the torsion tensor S a/ f and the tensor a a p take the 
simplest form, i.e. ( |114| ) and ( |115[ ), respectively. 
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3.2 Projection of the Curvature Tensor and Related Quan- 
tities 

Now we have to analyse the equation (|91~1) . In order to do it, we can use the 
general relation 



T 



ellMllA" 



rp (~fV I f) rp Q a 

e\\\\\n —J- v^J e\i\ i ^ 1 e||a»JA/x 



(116) 



where 



To project the equation (|116|) onto space-time we need the following two relations: 



4 4 



l ) V/jVa T a — T 8\\e\\vP U pP aP £ , 



4 4 



b) V/jVaT = T 5 m \vP u pP £ a h° 5 . 



;ii8) 



The relation (|118| a) follows immediately from the equation 

V^Va Ta = {T 1 \\ T P 1 &P T e)\\vP V l3P <jP £ a, 

in which the covariant derivatives 

a) 8% v = G^s u , b) s mv = G^s u 



(119) 



(120) 



are substituted. The equation ( |118| b) can be similarly proved. Proceeding further, 
we suppose that the vector T s satisfies the projector condition fl2~7|) . The equation 



/r e ||,5 = -(G A TA)s e . 



(121) 



is fulfilled in this case. Using the relations ( |114| ), ( |12(J| ) and ( 121|) we obtain the 
interesting equality 



4 4 



4 4 



(122) 



where according to ([75 ) we used the abbreviation 

G"aap = h^P\P s a P%G^ lSe . (123) 
The equation ( |122| ) being written in the basis e n (see (|98D ) is given by: 



T s 



s;a;b -^~!s;6;a 



T„G r 



(124) 
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where 



J-n — 9 n 1 a, " sab ~ 9 v9 s9 a9 b Lj aa/3 



(125) 



As the equation (|124|) is correct for all space-time vectors, the following relation 
is valid: 



it sab ^ sab- 

4 

Here R n sa b is the 4-dimensional Riemannian curvature tensor 

4 4 4 4 4 4 



R a mnk = 



J « 1 

\mk[ 



j a l 
}mn\ 



a 



a 



\mk\ \tn\ 



\mn\ \tk{ 



(126) 



(127) 



where we used the usual definition 



1 hs( 4 4 4 

n ^ l"sa,t T 9ts,a~ 9 at,. 



Obtaining the equation 



we applied the following relation: 



:i28) 



(129) 



Vl/ T fj,9^ l 'm9 n T m - n (T m 9 m T u) • 

Let Tjj be an arbitrary one-form (covariant vector). According to the projec- 
tion formalism developed above we can project this one-form onto the hypersur- 
face M 4 - T M — >f M = P%T a . Then the equations ([lOlD and flllSD imply: 



4 4 



V A V £ T fj, = P%PP £ P\(T „ i/9 - (Tap" Tu) U J- 

Substituting the relations (fEJ), ([TT5D, (TTgrj) , ( ggg ) as well as 

°) -f^ne = e G £ P flu — s e (Gfj,s u + G u Sfj), b) P u fl \\ £ = — s £ (G u s^ + G^s 1 



(w 6 A - S e G A ) f A, 



Alle 



(130) 

(131) 
(132) 
(133) 



into the last formula, we obtain the result 



4 4 - 4 4 ~ 

V A Ve T/j - VeVA T M 



~ f 5 



-(V A G>)P e e + P, £ g Qa G a]h P\ + (Ve G,)P' 



Ppu\9 e GaW-yP^ 



+ 



e 2 r 



-G Q {G e P^\ — G\P f 



Lie j 



+ G £ Gf Jl P e \ — G\G^P e e 



G V G U {P, £ P\-P^P B £ )]}. 
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(134) 



Now we are able to analyse the equation (|9T]a). However, before doing it, let us 
summarize some formulas which are related to the projection formalism. 

In the 5-dimensional space Ai^ the basis vectors and basis one-forms were 
denoted by e M and e M , respectively. The 4-dimensional holonomic hypersurface 
7M4 in the 5-dimensional space Ai$ is identified with the 4-dimensional space- 
time. The quantities projected onto the hypersurface .M4 were denoted by a tilde 
(see (|75|) ). The quantities x % parametrizing curves of the congruence (^3|) can be 
used as coordinates in the space-time. The tangent vectors to the coordinate 

d 

lines (ej = °f t ms 4-dimensional coordinate system form a 4-dimensional 

vector space T p (see d67|) . Between the basis vectors and exists consistency 
(|&I|). Similar relations are valid for the dual basis e l (e* = dx l ), too. Thus the 
4-dimensional vectors and one-forms can be rewritten in the following form: 

a) V =V a e a = V l ei (V a = g a iV\ V 1 = g\ V a ) 

„ ~ . . ~ (135) 

b) uj =uJ a e a = Uie 1 (u a = g l u l a , w< = g% u a ). 



Let us remember that on the hypersurface .M4 we introduced two metrics: the 
induced metric g and the physical metric g. These metrics are connected by 
means of the relation (|94"D. As the physical metric differs in general from the 
induced one, one should be careful in defining 4-dimensional physical quantities. 
Using the abbreviation 

4 ~ 

^mn = W m „ = g^ m g U n ^ fiu = g^m^n^fiu (136) 

we obtain from ( |135| ) and ([54]) the following relations 

aj = g n9 v U fi — e , o) lu = g ^g u — e lo , [16 1 ) 

4 4 J- 4 4 4 J- 4 / 4 

where u m n =g nk uj mk and uj mn =g mK g nl lu^. In a similar way we deduce from 
([73|) and fl3"3]a) the equations 

a) g^ m G, = -g» m °# = -°,m , 6) <7™ G M = - 9^9^ = -e«V m , (138) 

where a' m = g mn a^ n . 

Let us note that the space-time indices are to be moved with the help of the 
. 4 

space-time metric g. 
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It can be shown that for the arbitrarily projected quantities u) and V the 
relation 



u T V T = co n V n {u m = g» m V m ee g m T V T ) (139) 
is true. From (122) and ( 126 ) follows 

tfVWfcCV/jVa T CT - VaV/? fa) =A™ afe Tn (T„= T a)- (140) 



Using the relations (|134|) and further the relations ( |138| ) to (|140|) , we obtain 
the final result 



5 

R mkl 



# aS 1 m<? fc^ Z-K MeA — 

4 / 4 4 4444 

Ftmkl + e t<T [2 LO kl UJm — LO mk LO[ + U) m l LO k 



t /4, 4 4 a 4 a 

+ - I # a m; i- fiWer Sricr, m; k+ 9 m iO" -k 

a ( 4 4 \ 4 a 

-CT' a (7 9 m l ~ <J J. 9 m k + S'V.fcCT m 



'4 4 Q 4 4 a 
- 9 a kCT,mVj - (ff, C ff' C ) SWfc (fl- 9 m l 9\ 



(141) 



In order to find the projection of the 5- dimensional Ricci tensor onto space-time 
A^4 let us consider the relation 



5 

Rmn 



n H „V p _ U V 

y my n -iLuu y my n 



5 5 
TyQ J_ P a P/ 5 f e / DP „ 
It [lug i 1 pu 1 v\°q° A apo 



where 



5 



pa per p 
- 1 /x- 1 1/ -TLcht; 



5 5 
pe = J, a p a pP p r d a 



From (|T2J, (3 and flT3§ we find 



(142) 



(143) 



n M /, 



4 4 4 e / 1 4 

-Rmfc + 3e e<J Co"fc a U) m — - ( CT m; fc + - 9 m kO"% 



e 2 

+ 2 



9mk{& ,C 



(144) 



The second term on the right hand side of the equation ( 142|) can be calculated 
in the simplest way using the formulas ( 104|) and (p6|). The result is 



R'afigSaS 8 = (7/3;a + O % a? £ ~ U\pU X a + UJ X [pS a ]a' X - S a S p<T' X (J >■ (145) 
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By substituting the expressions ( |144j ) and ( |145| ) into ( |142| ) we get the formula 



5 4 eo- 4 4 a 6 4 a / ^ \ 

Rmn Rmn ^6 ^na ^m ~^ 9mn&' ;a (1 C "^")c",m"",i 

__ £ * ' 

U ,m\n „ "rrvnP ;a 



(146) 



Here we used the equation 

P\P P v (J,fra = -V/x G„ + |[2 G„ G M - (G e G,)P^]. (147) 
By means of the expression 

l:=(p^ + ^0^ (148) 

and taking into account the intermediate formulas 

k» = e £ff 9 mn R mn , (149) 

s»s" B» v = a'% - cu Xa u Xa , (150) 



cr" = e e<T 



a']i + (1 - eW'V, 



(151) 



we find the result 



R = (r + u mn u mn - (2 - 3e)cr m ;m + 2(1 - e + - e >'"V m ) . (152) 

Now we immediately can obtain the 4-dimensional field equations of PUFT 
being restricted to the versions II and III of PUFT. Today the version I of PUFT 
has only historical value. 

3.3 Version II 

By projecting the 5-dimensional field equations (0) onto the 4-dimensional space- 
time with the help of the projection formalism developed above we obtain the 

4 

4- dimensional field equations of PUFT. As the space-time metric 9 is connected 
with the induced metric g on the hypersurface Aii by means of (p3|), in case of 
the version II of PUFT it is necessary to put: 

5 1 5 a I 

G M „ = R^v — 2<7^ R + AoSoe " (fiV + s m Sj v I (153) 
e = 1 ' ' 



25 



3.3.1 Generalized gravitational field equation 

Using the last results obtained from the equation (pjlja,) within the framework 
of (|153|) , the field equations read: 



where 



and 



4 1 4 4 4 4 

Rmn ^ ^Tnn R 

XqSq 9mn — ^0 Tmni 



Tmn Qmn 

K 



2e a (u ma uf n + 1 g mn u ab u ab ) 
_3 14 _ 

2 \®,m®,n 2 ^",csj 



(154) 



(155) 



(156) 



3.3.2 Generalized electromagnetic field equations (Maxwell equations) 



Comparing the relation (|155|) with the expression (H), we find that the angular 
velocity of the congruence (|23|) u acr is connected with the electromagnetic strength 
tensor in the following way: 



B e a °u o 



(157) 



where the constant Bo depends on the system of units. We choose the constant 
a in order to fulfill the next equation 



B 



<fj,v\\a> 



0. 



It is easy to see that the relation 



'<fiv\\a> ±J <ni/;a> 

holds. Using the expression ( |3lSD and the equation 



(158) 



(159) 



(160) 



we find 



B 



<^iu;a> 



B e aa (l + a) u <a ,a 



<Ct[l u ,u> ■ 



(161) 
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This implies a = — 1 and 



1 



B aa = B e a uj aa , B mn = g^m9 V nB^ = B e a u mn . (162) 

It is obvious (see ( p5[) and (|98|)) that the electromagnetic field strength tensor 
satisfies the cyclic Maxwell system 

B <rnn -k> = 0. (163) 

By substituting ( |162| ) in the expression ( |155| ) we find that the electromagnetic 
induction tensor is to be defined as follows: 

H m n ^ B mni (164) 

and the constant Bq can be chosen as 

B = ±J—. (165) 
V K o 

4 

In this case the electromagnetic part of the energy-momentum tensor Tmn ( |155| ) 
takes its usual form (in the Gaussian system of units): 

E mn = —{B mk H k n + - g mn B jk H jk ). (166) 

47T 4 

It is easy to see that the one-form 

= B S P^Ca = B Q S Q P\r a (167) 

has the following properties: 

■^■fi\\u -^fii/i B U ^ L and A mn A n ^ m B nm (A m g m A u s ). (168) 

Thus the orthogonal vector, projected into the hypersurface A4 4 in an appropriate 
way, is the electromagnetic vector potential. 

Now we are ready to expound the equation (pT]b). The result is 

H mn , n = —J m , (169) 

c 

where the abbreviations we used are given by 

KnBnC 4 4 4 5 

jm= ± _ 0m d m=g mng „ n9 (17Q) 

47T 
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3.3.3 Field equation of the scalaric field a 

Using the Relations ( |150| ) and (R^) we can rewrite the equation (PT]c) in the form 



a^ m = ^B mn H mn + \^, (171) 



where the following definition was used: 



# = ee- a -^l mn e m n- (172) 



3.4 Version III 



4 

In the version III of PUFT the space-time metric 9 coincides with the on the 
hypersurface M. A induced metric g (see (P2"|)). This makes the projection for- 
malism a little bit easier, because e = 0. On the contrary the 5-dimensional field 
equations (13) are more complicated. Further investigations have shown that the 



case kqKq = —2, already mentioned above, is of a particular interest. Hence for 
the version III we find the following equation 



^s/Us^-IS, T S^ + ^-lR) + y^(S^ T + ^) • (173) 



Following the above introduced procedure of deducing the field equations, one 



obtains the system of equations listed below [15 . 



3.4.1 Generalized gravitational field equation 



14 4 _ 2ct 4 

fhnn ~Z 9mn R~^~ 

2 5 2 

•1 



Rmn „ 9mn R~\~ 9mn ^0 Tmni 

(174) 

l o 



where T mn = mn + E mn + S mn with 

E mn = ~. — (B m kH k n + — Q mn Bj^H^ \ , S mn = — {o \ m o \ n — —g m n<3~,kO~ ,k ) (175) 
An A /to 2 

4 5 

holds. 6mn= g^ m g U n 9 fif is the energy-momentum tensor of the substrate. 
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3.4.2 Generalized electromagnetic field equations (Maxwell equations) 



a) H mn , n = —j m } b) B [mnM = 0, c) H mn = e 2 °B mni (176) 
c 

where we used the abbreviations 

a) B mn = g^nB^ = B e~° u mn , b) j m = 6 m e CT (177) 



47T 



and m = Lng^n „ B = ±yg. 



3.4.3 Field equation of the scalaric field a 

a> m m = -^B mn H mn -^-^e- 2 ° with ■& = 6 - l mn L„ • (ITS) 

l07T Z Dq 



4 Concluding Notes 

Now let us summarize the basic ideas of the new geometrical approach to the 
axiomatics of Schmutzer's 5-dimensional Projective Unified Field Theory. 

The mathematical basis for the 5-dimensional Projective Unified Field Theory 
forms the group of all 5-dimensional homogeneous coordinate transformations of 



degree one (|19| ). The 5-dimensional geometry, constructed on this group, sup- 
poses the existence of a Killing vector field. The integral curves of this vector 
field form a Killing congruence (p3|) which is the basis of the projection formalism 



developed here. The angular velocity of this congruence is interpreted as the 



electromagnetic field strength tensor (see (|162|) and (|176 )). It is well known that, 
if u^y = holds, a hypersurface, holonomic and orthogonal to the congruence 
exists. There are two possibilities to construct an axiomatics of PUFT: aban- 
doning either holonomicity or orthogonality. The first of the two possibilities 



was investigated in detail in numerous papers by Schmutzer (see || [13], [15] and 
there quoted papers). The second possibility was considered in the present pa- 
per. In this case it is possible to say that the holonomicity of space-time and 
the non-orthogonality of the given congruence with respect to the space-time 
hypersurface are embodied in the basis of the axiomatics offered here. In this 
way PUFT has got a new geometrical interpretation. 
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Inner curvature of space-time (M.4) identified with the hypersurface r = const 
(see page 0) describes the gravitation. The norm of the Killing vector field £ 



( |24|) is connected with the new scalaric field a: \f£, u £, v = S$e a '. The tensor 

of the angular velocity uj^ v ( |3"C| ) of the Killing congruence (^3j) describes the 

electromagnetic field. Thus the orthogonal vector projected in an appropriate way 

onto the hypersurface r = const (.M4) is the electromagnetic vector potential (see 

(|167|) and ( 168 )). The relation (|167|) implies that the electromagnetic potential 

vanishes if the hypersurface M.^ is orthogonal to congruence (|23|) . 

It is easy to show that physically the 4-dimensional field equations in the 

version II of PUFT differ slightly from the corresponding equations in the version 

III physically slightly. Here we won't dwell on this problem, therefore let us just 

remark that the cosmological term in the equation ([!]) can be accepted in the form 

A^jy = P^ v (A^ ;/Lt = 0) as well. In this case additional terms containing a 

4 

cosmological constant in the equations ( |154| ) and (|171|) take the form Aoe~ 2 °" 9 mn 
and |Aoe~ 2<T , respectively. 

In conclusion let us emphasize that the axiomatics constructed here leads to 
the same 4-dimensional field equations which formerly were obtained by E.Schmutzer 
in a different way. 



5 Appendix. Results of Application of PUFT 

Since 1995 a series of papers by E.Schmutzer on a closed homogeneous isotropic 
cosmological model of the universe and on the influence of the expansion of such a 



model on cosmogony and astrophysics appeared ( see |15 where further literature 



is quoted) or are in press [|16[]. Let us mention some main results: 

• In order to be in agreement with the equivalence principle the usual concept 
of mass is basically changed: mass depends on the cosmological scalaric 
field. Hence follows a considerable change of the cosmological situation at 
the start of the universe (fulfilling of certain aspects of Mach's principle). 

• The big bang singularity does not exist. The "big start" (Urstart) of the 
universe begins softly and is (using a certain physically motivated choice of 
parameters) characterized by a kind of oscillations: expansion interrupted 
by small contractions. 
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• The cosmological scenario appears to be divided into a short repulsion 
(antigravitational) era (duration of 128 years) and a cosmologically long 
attraction era (age of the universe = 18 billions of years). 

• The Hubble factor ("constant") is 75km/s Mpc. 

• Maxima and minima in the curves for the temporal behaviour of the cos- 
mological mass density and the temperature could be interesting for the 
explanation of cosmogonic activities (birth of galaxies and stars). 

• The equation of motion of a body is in full agreement with the Einstein 
effects (periastron motion, deflection and frequency shift of electromagnetic 
waves) . 

• Further consequences of the equation of motion are: 

— Time dependence of the "effective gravitational constant" with the 
present relative value: 3.5 • lCr n /year. 

— For an orbiting body around a center: positive value of the angu- 
lar (secular) acceleration, negative values of the time derivatives of 
the orbital radius (decrease), revolution period (decrease), excentric- 
ity (transition from elliptic to cyclic orbits). 

— Heat production in a moving body with application to the moon, plan- 
ets, sun, galaxy etc. with remarkably interesting numerical results. 
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